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Abstract
We prove that pseudo-holomorphic discs attached to a maximal totally real submanifold inherit their regularity to the boundary
from the regularity of the submanifold and of the almost complex structure. The proof is based on the computation of an explicit
lower bound for the Kobayashi metric in almost complex manifolds, which also yields explicit estimates of Hölderian norms of
such discs.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Recent progress in symplectic geometry, and in particular the essential paper of M. Gromov [9], have strengthened
the interest for almost complex manifolds and pseudo-holomorphic curves. Pseudo-holomorphic discs form a natural
invariant family for manifolds with boundary under the action of biholomorphisms, and more generally of CR maps.
A pseudo-holomorphic disc in an almost complex manifold M is a continuous map h from the closed unit disc Δ¯ ⊂ C
to M , pseudo-holomorphic in Δ. The first question is the existence of such discs, and was solved by A. Nijenhuis and
W. Woolf [11]. Indeed, they considered pseudo-holomorphic discs as the solutions of non-linear elliptic operators,
and proved that at any point, in any direction, there is a small pseudo-holomorphic disc. This argument shows that
the regularity of the disc in Δ depends on the regularity of the almost complex structure, and it yields a priori
estimates [12].
Another problem is the boundary regularity of a pseudo-holomorphic disc h attached to a submanifold E, that is,
such that h(∂Δ) ⊂ E. The boundary properties of such discs are strongly related to the geometry of E. For instance,
in the complex case, discs attached to a maximal totally real submanifold inherit their boundary regularity from the
regularity of the submanifold ([3], see also [4]), because of a reflexion principle. We show, in the almost complex sit-
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uation, that boundary regularity of discs attached to a maximal totally real submanifold also depends on the regularity
of the almost complex structure. More precisely:
Theorem 1. Let (M,J ) be a Cr -almost complex manifold and E ⊂ M be a maximal totally real Cr ′ -submanifold
(where r, r ′  1 are not integers).
Then, every continuous map h from Δ+ ∪ ]−1;1[ to M , J -holomorphic on Δ+ and attached by its diameter to E,
is locally of class Cmin(r,r ′) in Δ+ ∪ ]−1;1[. Moreover, for any compact subset K in Δ+ ∪ ]−1;1[,
‖h‖Cmin(r,r′)(K)  c(r, r ′,K)‖h‖∞
(
1 + c(K)√
λJE
)
.
Here, λJE denotes the smallest eigenvalue of the Levi form of some function of the type “squared distance to E.” In
view of its geometric interpretation, we call λJE the minimal J -curvature of E. This generalizes the estimate given by
L. Lempert [10] for stationary discs in strongly convex domains of Cn.
Note that Theorem 1 gives a more precise and quantitative version of the result established in [6] in the smooth
case. Even if we use the same general method, our aim here is to get explicit estimates of Hölderian norms of the
discs. Hence our proof is based on the explicit computation of the lower bound given in [8] for the Kobayashi–Royden
infinitesimal pseudometric in almost complex manifolds (Proposition 12). This lower bound is obtained by exhibiting
J -plurisubharmonic maps, and yields an estimate of the size of pseudo-holomorphic discs (Proposition 16).
Finally, we apply Theorem 1 to the study of a pseudo-holomorphic map along the edge of a wedge. The method,
originally introduced by E. Bishop [1], consists in relating the behavior in the interior and the behavior at the boundary
by means of analytic discs. The idea is to fill the interior with analytic discs “glued” to the edge. We get:
Corollary 2. Let (M,J ) and (M ′, J ′) be respectively a Cr and a Cr ′ -almost complex manifold (where r, r ′  1 are
not integers), and Ω ⊂ M be a domain. We suppose that N ⊂ Ω is a maximal totally real Cr -submanifold of (M,J ),
and that N ′ is a maximal totally real Cr ′ -submanifold of (M ′, J ′).
Set s = min(r −1, r ′). Then every pseudo-holomorphic map F : W(Ω,N) → (M ′, J ′), continuous on W(Ω,N)∪
N , and such that F(N) ⊂ N ′, is locally of class Cs and verifies for any compact set K in W(Ω,N)∪N :
‖F‖Cs (K)  c(s,K)‖F‖∞
(
1 + c(K)√
λJ
′
N ′
)
.
Here W(Ω,N) denotes the wedge of edge N (see Fig. 1). Let us remark that Corollary 2 give us in [2] regularity
and estimates for pseudo-holomorphic maps between strictly pseudoconvex domains.
This paper is organized as follows. In Section 2, we recall some basic notions of almost complex geometry. Sec-
tion 3 is devoted to obtain an explicit lower bound of the Kobayashi metric; we also give an explicit estimate of the
size of pseudo-holomorphic discs. In Section 4, we establish Theorem 1 and Corollary 2.
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2.1. Almost complex manifolds and pseudo-holomorphy
Let us recall some definitions.
Definition 3. An almost complex structure on a smooth (real) manifold M2n is a (1,1)-tensor J , that is, a section from
M to End(TM), such that J 2 = −Id. If J is of class Cr , we say that (M,J ) is a Cr -almost complex manifold.
The first example of an almost complex manifold is the space R2n equipped with the standard complex structure
Jst given at any point, in canonical coordinates, by the matrix Jst =
( 0 −In
In 0
)
where In is the n-sized identity matrix.
We will also consider the following situation:
Definition 4. A submanifold N in an almost complex manifold (M2n, J ) is maximal totally real if N is of (real)
dimension n and if TN ∩ J TN = {0}.
Definition 5. A C1 regular map F : (M,J ) → (M ′, J ′) between almost complex manifolds is said to be (J, J ′)-
holomorphic if J ′ ◦ dF = dF ◦ J .
If (M,J ) is the unit disc of C (that is, Δ ⊂ R2 equipped with the standard complex structure), we say that F
is a J ′-holomorphic, or pseudo-holomorphic, disc. Generically, given (M,J ), there do not always exist pseudo-
holomorphic maps from (M,J ) to (M ′, J ′), even if (M ′, J ′) = (Δ,Jst). Nevertheless, when (M,J ) = (Δ,Jst), the
condition of pseudo-holomorphy can be translated into a quasi-linear elliptic system of first order that admits non-
trivial solutions [11]. Hence there exist infinitely many pseudo-holomorphic discs h valued in a fixed almost complex
manifold. Moreover, one can prescribe h(0) and dh0(∂/∂x).
As in the complex situation, maps verifying the equation of pseudo-holomorphy inherit their smoothness from the
smoothness of the almost complex structures: if J and J ′ are of class Cr , then every (J, J ′)-holomorphic map is of
class Cr+1.
2.2. The Levi form
Let (M,J ) be an almost complex manifold. The Levi form LJ u of any C2 regular function u : M → R is defined
by
LJ u(X) = d(dcJ u)(X,JX), where dcJ u(X) = −du(JX),
for all X ∈ TM . In local coordinates, dcJ u = −
∑
i,j
∂u
∂xi
Ji,j dxj and
d
(
dcJ u
)= −∑
i,j,k
∂2u
∂xi∂xk
Ji,j dxk ∧ dxi −
∑
i,j,k
∂u
∂xi
∂Ji,j
∂xk
dxk ∧ dxj .
Since dxk ∧dxj (X,JX) = xk(Jx)j − (Jx)kxj =∑l xkxlJj,l −∑l xj xlJk,l (where xk and (Jx)k denote respectively
the kth coordinates of the column vectors X and (JX)), we easily get the following expression:
LJ u(X) = tXDX + t (JX)D(JX)+ tX(A− tA)JX, (1)
where
D =
(
∂2u
∂xi∂xj
)
1i,j2n
and A =
(∑
i
∂u
∂xi
∂Ji,j
∂xk
)
1j,k2n
.
If J0 is any constant almost complex structure, this gives, by setting J = J0 +H :
LJ u(X) = LJ0u(X)+ 2 t (HX)D(J0X)+ t (HX)D(HX)+ tX
(
A− tA)(J0 +H)X. (2)
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u ◦ φ−1,
LJ˜x u˜(X) = LJPxu(PX). (3)
2.3. Small perturbations of the standard structure
Let (M,J ) be an almost complex manifold of dimension 2n. We can assume locally that M is an open subset
in R2n, and that J takes its values in M2n(R). So we write J =
(
A B
C D
)
where A,B,C,D are n-sized blocks. If J is
sufficiently near Jst, then
J 2 = −I2n ⇐⇒ J =
(
A −(In +A2)C−1
C −CAC−1
)
. (4)
The two following lemmas allow us to choose local charts with special properties. We give the proofs in Appen-
dix A.
Lemma 6. Let (M2n, J ) be a Cr -almost complex manifold, E a maximal totally real Cr ′ -submanifold (where
r, r ′  1). Fix ε > 0 and p ∈ M . Then there exist local coordinates z : U → B2n in a neighborhood of p such that
‖z∗J − Jst‖C1  ε. If one also assumes p ∈ E, the map z is of class Cmin(r,r ′) and verifies:
• z(U ∩E) = Rn ∩B2n;
• ‖(z∗J )(x∗,y∗) − Jst‖ cε‖y∗‖ for some constant c, where (x∗, y∗) are the canonical coordinates in R2n;
• the equation of z∗J -holomorphy is ∂∂ζ¯ + Q × ∂∂ζ = 0, where Q is a Cmin(r,r
′)−1 regular map such that
‖Q(x∗, y∗)‖ cε‖y∗‖ for some constant c.
Such a chart is said to be (ε,E)-tamed.
The corresponding basis of (1,0)-forms can then be written dz∗ +O(‖y∗‖) dy∗.
Since a bounded domain D ⊂ M admits a finite covering (zi ,Ui)1is by such charts, we set for every Cs regular
map that takes its values in D¯:
‖f ‖∞ = Max
i
‖zi ◦ f|f−1(Ui)‖∞ and ‖f ‖s = Maxi ‖zi ◦ f|f−1(Ui)‖s .
It is possible to lift the almost complex structure to the tangent bundle. Moreover, the properties listed in Lemma 6
are preserved:
Lemma 7. Let (M,J ) be a Cr -almost complex manifold (where r  2 is not an integer), and E a maximal totally real
manifold and ε > 0. Assume that p ∈ E and that (z,U) is a (ε,E)-tamed chart in a neighborhood of p. Set Mc = TM
and Ec = T E.
Then there exists an almost complex structure J c on Mc, Cr−1 regular, that induces J on M and such that Ec is a
maximal totally real submanifold of (Mc,J c). Moreover, zc = (z, dz) is (ε,Ec)-tamed in a neighborhood of (p,0).
3. An explicit lower bound for the Kobayashi metric
3.1. Estimates of the Levi form for some classical functions
In view of Lemma 6, we may fix a system of coordinates on M and only consider small perturbations of the
standard structure. In order to measure more precisely the perturbation, we introduce the following notations:
‖Jp‖0 = Max
{‖JpX‖ ∣∣X ∈M2n,1(R), ‖X‖ = 1},
‖Jp‖1 = ‖Jp‖0 +
( 2n∑∥∥∥∥
(
∂Ji,j
∂xk
)
j,k
(p)
∥∥∥∥
2
0
)1/2
,i=1
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set
‖J‖C1(D¯) = Max
{‖Jp‖1 ∣∣ p ∈ D¯}.
Remark 8. Notice that this definition depends on the choice of the system of coordinates. However, the corresponding
topology on Cr (M,M2n(R)) is well-defined.
Set J = Jst +H , and let u : M → R be of class C2. Then, we get by (2) that for all p ∈ M and X ∈ TpM :
LJpu(X) LJ0p u(X)− 2ρ(p)‖H‖0‖Jst‖0‖X‖2 +μ(p)‖HX‖2 − ‖A‖0‖J‖0‖X‖2.
Since A = ∑i ∂u∂xi ( ∂Hi,j∂xk )j,k , we have ‖A‖0 
√∑
i | ∂u∂xi |2 ×
√∑
i ‖( ∂Hi,j∂xk )j,k‖20, and thus ‖A(p)‖0  ‖∇up‖ ×
‖H(p)‖1. Hence we get
LJpu(X) LJstp u(X)− 2ρ(p)
∥∥H(p)∥∥0‖X‖2 +μ(p)∥∥H(p)X∥∥2
− 2‖∇up‖
(
1 + ∥∥H(p)∥∥0)∥∥H(p)∥∥1 × ‖X‖2, (5)
where ρ(p) = Max|λ| and μ(p) = minλ for λ describing the eigenvalues of the real Hessian matrix ( ∂2u
∂xi∂xj
(p))i,j .
We first search an explicit lower bound for the Levi form of each function ‖z‖, ‖z‖2, and ln‖z‖. We thus need
to determine the eigenvalues of the corresponding Hessian matrices. We will use that for every non-zero column
vector V , the matrix λ(I − V tV ) has exactly two eigenvalues:
• λ(1 − ‖V ‖2), whose eigenspace is VectV ;
• λ, whose eigenspace is V ⊥ = {X/ tVX = 0}.
Indeed, the eigenvalues of λ(I − tV V ) can be written under the form λ(1 − μ), where μ is any eigenvalue of the
matrix V tV . Suppose V tVX = μX: since tV X is scalar, then either μ = 0 (and tV X = 0), or X is proportional to V .
Conversely, if X = V , then V tVX = V × (tV V ) = ‖V ‖2X.
We obtain by (5) the following lower estimates:
LJp
(‖z‖)(X) ‖X‖2( 1‖p‖ − 2‖H(p)‖0‖p‖ − 2
(
1 + ∥∥H(p)∥∥0)× ∥∥H(p)∥∥1
)
,
LJp
(
ln‖z‖)(X) ‖X‖2(−2‖H(p)‖0‖p‖2 − ‖H(p)‖
2
0
‖p‖2 −
2(1 + ‖H(p)‖0)
‖p‖
∥∥H(p)∥∥1
)
,
LJp
(‖z‖2)(X) ‖X‖2(4 − 4∥∥H(p)∥∥0 − 4‖p‖(1 + ∥∥H(p)∥∥0)× ∥∥H(p)∥∥1).
Remark 9. Suppose that p is in some domain D  0 of the unit ball, and that J (0) is the standard structure. Then
‖Jp − Jst‖ ‖p‖ × MaxD¯ |||dJp|||. Let us define ‖J‖D¯ = MaxD¯ |||dJp||| + ‖J‖C1(D¯):
LJp
(‖z‖)(X) ‖X‖2( 1‖p‖ − 2‖H‖D¯ − 2
(
1 + ‖H‖D¯‖p‖
)× ‖H‖D¯
)
,
LJp
(
ln‖z‖)(X)−‖X‖2(2‖H‖D¯‖p‖ + ‖H‖2D¯ + 2(1 + ‖H‖D¯‖p‖)‖p‖ ‖H‖D¯
)
,
LJp
(‖z‖2)(X) ‖X‖2(4 − 4‖H‖D¯ × ‖p‖ − 4‖p‖(1 + ‖H‖D¯‖p‖)× ‖H‖D¯).
3.2. Construction of strictly J -plurisubharmonic functions
If D is a bounded domain in M and u : D¯ → R a function of class C2, the continuous function
(x,X) → L
J
x u(X)
2‖X‖
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will denote it by λ0(D,J,u).
Definition 10. The function u is said to be J -plurisubharmonic on D when λ0(D,J,u) 0, that is, its Levi form is
positive semi-definite. It is strictly J -plurisubharmonic on D when λ0(D,J,u) > 0, that is, its Levi form is positive
definite.
In fact, u is strictly J -plurisubharmonic if and only if for all J -holomorphic disc h in M centered at p and such
that (∂h/∂x)(0) = v = 0:
Δ(u ◦ h)0 = LJpu(v) > 0.
The method to construct strictly J -plurisubharmonic functions consists in perturbing some strictly Jst-plurisubhar-
monic functions. In local coordinates, we denote by Jst =
( 0 −In
In 0
)
the standard complex structure.
Lemma 11. Let D be a bounded domain in R2n with an almost complex structure J . Suppose that θ is a non-
decreasing smooth function on R+, such that θ(x) = x for x  1/3 and θ(x) = 1 for x  2/3. If D is bounded by m,
we set εm = min( 132(1+m) , 132m(1+m)). Then
• For all x ∈ D¯, p ∈ D¯ and X ∈ R2n,
‖J − Jst‖C1(D¯)  εm ⇒
7
2
‖X‖2  LJx
(‖ · −p‖2)(X) 9
2
‖X‖2.
• There exists some constant k depending only on θ , such that for all r > 0, A > 1, B  k, p ∈ D, and for every
almost complex structure J verifying J (p) = Jst and ‖J − Jst‖C1(D¯)  εm, the function defined by
u(x) = ln
(
θ
(
1
r2
‖x − p‖2
))
+A‖x − p‖ +B 1
r2
‖x − p‖2
is strictly J -plurisubharmonic on D.
• Assume that ‖J − Jst‖C1(D¯)  εm and let w : D¯ → R be a J -plurisubharmonic function of class C2. Then, for all
δ  29λ0(D,J,w) and p ∈ D, the map
x → w(x)− δ‖x − p‖2
is strictly J -plurisubharmonic on D.
Proof. • Set H = J − Jst: then ‖H‖C1(D¯)  εm. We obtain
LJx
(‖ · −p‖2) ‖X‖2(4 − 4‖H‖C1(D¯) − 4‖x − p‖(1 + ‖H‖C1(D¯))‖H‖C1(D¯)),
and, in the same way,
LJx (‖ · −p‖2)
‖X‖2  4 + 4‖H‖C1(D¯) + 2‖H‖
2
C1(D¯) +
(
1 + ‖H‖C1(D¯)
)× 4‖x − p‖‖H‖C1(D¯).
Since we can assume εm  1, we get
4 − (16 + 16m)εm  L
J
x (‖ · −p‖2)
‖X‖2  4 + (16 + 16m)εm.
• Pick p ∈ D and set v(x) = ln(θ(‖ x−p
r
‖)2). We have
∥∥∇v(x)∥∥= θ ′
θ
(‖x − p‖2
r2
)
× 2‖x − p‖
r2
and, by setting V = t (x1 − x1(p), . . . , x2n − x2n(p)), the matrix ( ∂2v∂xi∂xj (x))i,j is equal to αI2n + βV tV where
α = θ
′
θ
(‖x − p‖2
r2
)
× 2
r2
and β =
(
θ ′′θ − θ ′2
θ2
)(‖x − p‖2
r2
)
× 4
r4
.
This gives the two eigenvalues of the real Hessian of v, and hence a lower bound for its Levi form.
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LJx v(X)−‖X‖2 × 8
(
1
‖x − p‖ + 1
)
εm.
The map vanishes on D \B(p, r), thus LJx v(X) = 0. On D ∩B(p, r) \B(p, r/
√
3 ):
LJx v(X)−‖X‖2
(
ρ(x)(2 + εm)+ 2εm(1 + εm)‖∇v‖
)
.
Let us set
k = 4 × Max
(
Sup
1
3x1
∣∣∣∣θ ′θ
∣∣∣∣, Sup
1
3x1
∣∣∣∣θ ′′θ − θ ′2θ2
∣∣∣∣
)
. (6)
Then, in D ∩B(p, r) \B(p, r/√3 ), we have
ρ(x) k
4
×
(
2
r2
+ 4‖x − p‖
2
r4
)
and
∥∥∇v(x)∥∥ k
4
× 2‖x − p‖
r2
,
and hence
LJx v(X)−‖X‖2 ×
k
2r2
((
1 + 2‖x − p‖
2
r2
)
(2 + εm)+ 2εm(1 + εm)‖x − p‖
)
. (7)
Now we study the Levi form of u : x → u(x) = v(x) + A‖x − p‖ + B‖ x−p
r
‖2. The choice of εm implies that on
D ∩B(p, r/√3 ),
LJx u(X)
‖X‖2 
1
2‖x − p‖ (A− 1)
since εm = min( 132(1+m) , 132m(1+m)).
One gets
LJx u(X)
‖X‖2 
1
2‖x − p‖A
on D \B(p, r) and
LJx u(X)
‖X‖2 
1
2‖x − p‖A+
7
2r2
(B − k)
on D ∩B(p, r) \B(p, r/√3 ).
Consequently, for A> 1 and B  k, the Levi form Lxu is positive definite at every x ∈ D.
• Let p ∈ D and w˜ : x → w(x)− δ‖x − p‖2:
∀x ∈ D, LJx w˜(X) LJx w(X)−
9
2
δ‖X‖2 
(
λ0(D,J,w)− 92δ
)
‖X‖2. 
3.3. Estimate of the Kobayashi metric
Let (M,J ) be an almost complex manifold. For every p ∈ D and v a tangent vector at point p, we set
K(D,J )(p, v) = inf
{
α > 0
∣∣∣ ∃h ∈OJ (Δ,D) s.t. h(0) = p and (∂h/∂x)(0) = v
α
}
,
which is well-defined according to [11]. Most of the basic properties of the Kobayashi–Royden pseudo-metric in the
complex situation are true also in the almost complex case, as the decreasing property under the action of pseudo-
holomorphic maps.
Let D be a bounded domain in R2n equipped with an almost complex structure J , and u be any negative C2 regular
function on D¯, strictly J -plurisubharmonic on D. We assume that J (p) = Jst and ‖J − Jst‖ 1 ¯  εm with m beingC (D)
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there exists some constant cm =
√
2
9ke2m depending only on m such that K(D,J )(p, v) 
√
δ
eBe2Am
‖v‖√|u(p)| for every
A> 1, B  k, δ < 29λ0(D,J,u). Hence
K(D,J )(p, v) cm
√
λ0(D,J,u)× ‖v‖√|u(p)| , (8)
where k is defined by (6). The next step is to remove the hypothesis J (p) = Jst, in order to get a uniform estimate:
Proposition 12. Let D be a domain in the unit ball B2n equipped with an almost complex structure J . Assume that u
is any negative C2 regular function on D¯, strictly J -plurisubharmonic on D.
There exist some universal constants c′ and ε′ such that if ‖J − Jst‖C1(D¯)  ε′, then
∀p ∈ D, ∀v ∈ R2n, K(D,J )(p, v) c′e−2t
√
λ0(D,J,u)
‖v‖√|u(p)|
as soon as D is bounded by t .
Proof. Pick p ∈ D, and let (e1, . . . , en, en+1, . . . , e2n) be the canonical basis of R2n. The matrix Pp consist-
ing of the vectors (e1, . . . , en, Jpen+1, . . . , Jpe2n) depends continuously on J and p. So one can fix ε′ such that
‖J − Jst‖C1(D¯)  ε′ implies that for all p ∈ B2n, the matrix Pp is invertible, ‖P−1p JPp − Jst‖C1(D¯)  εm=2 and
‖P−1p ‖0,‖Pp‖0  2.
If D is bounded by t ∈ ]0;1], then ‖P−1p JPp − Jst‖C1(D¯)  εm=2t since εm is a decreasing function of m. For
φ : x → P−1p x, we get φ∗J (φ(p)) = Jst and φ(D) ⊂ 2tB2n. Thus (8) applies to D˜ = φ(D), J˜ = φ∗J , u˜ = u ◦ φ−1
and gives
K(D,J )(p, v) cm=2t
√
λ0(D˜, J˜ , u˜)× ‖d(φp)p(v)‖√|u(p)| .
Since ‖d(φp)p(v)‖ = ‖P−1p v‖ ‖v‖/‖Pp‖0  ‖v‖/2 in view of the choice of ε′, we obtain
K(D,J )(p, v)
cm=2t
2
√
λ0(D˜, J˜ , u˜)
‖v‖√|u(p)| =
1
2
√
2
9k
e−2t
√
λ0(D˜, J˜ , u˜)
‖v‖√|u(p)| .
Moreover, for all x ∈ D˜ and X ∈ R2n,
LJ˜x u˜(X) = LJPpxu(PpX) λ0(D,J,u)× ‖PpX‖2
 λ0(D,J,u)‖X‖2/
∥∥P−1p ∥∥20  λ0(D,J,u)‖X‖2/4.
Hence
√
λ0(D˜, J˜ , u˜) 12
√
λ0(D,J,u), and we can set c′ = 14
√
2
9k (where k is given by (6)). 
Remark 13. Notice that the constants c′ and ε′ do not depend on t .
Therefore, we obtain a lower bound for the Kobayashi metric in a neighborhood of any point p in an almost
complex manifold. We also have an estimate of the size of this neighborhood depending on the choice of the coordinate
system:
Corollary 14. Let (M,J ) be an almost complex manifold and z : U → B2n a local coordinate system such that
z∗J (0) is the standard complex structure. Assume that D ⊂ M is a domain and u : D ∩U → ]−∞;0[ is a strictly
J -plurisubharmonic function.
Set t = min(1, ε′‖z∗J‖C1(B¯2n) ) (where ε
′ is given by Proposition 12) and Ut = z−1(tB2n). Then, for every p ∈ D ∩Ut
and v ∈ TpM ,
K(D∩Ut ,J )(p, v) c′ e−2t
√
λ0
(
z(D ∩Ut), z∗J,u ◦ z−1
)× ‖dzp(v)‖√|u(p)| .
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Jst‖C1(B¯2n)  ε′. This allows us to apply Proposition 12 to the domain zt (D ∩ Ut) equipped with the almost com-
plex structure (zt )∗J , and to the function u ◦ z−1t . Then, for every p˜ ∈ zt (D ∩Ut) and v˜ ∈ R2n,
K(zt (D∩Ut ),(zt )∗J )(p˜, v˜) c′e−2t
√
λ0
(
zt (D ∩Ut), (zt )∗J,u ◦ z−1t
) ‖v˜‖√
u(z−1t (p˜))
.
But L(zt )∗Jx (u ◦ z−1t )(X) = Lz∗Jtx (u ◦ z−1)(tX), thus
λ0
(
zt (D ∩Ut), (zt )∗J,u ◦ z−1t
)
 t2λ0
(
z(D ∩Ut), z∗J,u ◦ z−1
)
,
which gives the desired inequality with p˜ = zt (p) and v˜ = dztp (v) = 1t dzp(v). 
3.4. Localization principle
The Kobayashi metric verifies K(D∩U,J )(q, v)K(D,J )(q, v). Proposition 3 of [8] gives a sort of converse, which
is very useful while working with charts on manifolds
K(D,J )(q, v) sK(D∩U,J )(q, v).
We are going to compute explicitely the constant s. The proof will also provide some explicit estimate of the size of
pseudo-holomorphic discs.
Lemma 15. Let D be a domain in an almost complex manifold (M,J ). Pick p ∈ D¯ and z : U → B a chart in a
neighborhood of p verifying z∗J (p) = Jst and ‖z∗J − Jst‖C1(D¯)  εm=1. Assume that there exists a C2 regular map
u : D¯ → ]−∞;0[, strictly J -plurisubharmonic in D.
Then there is a neighborhood V U of p verifying that for all q ∈ D ∩ V and v ∈ TqM :
K(D,J )(q, v)N
∥∥dzq(v)∥∥, with N = e−1√
k
√
c
|u(q)| ,
where c > 0 is such that u− c‖z‖2 is strictly J -plurisubharmonic. Here k is defined by (6).
Proof. Let θ , r , A, B be as in Lemma 11. The map defined by
u(x) = ln
(
θ
(
1
r2
∥∥z(x)− z(q)∥∥2))+A∥∥z(x)− z(q)∥∥+B 1
r2
∥∥z(x)− z(q)∥∥2
is strictly J -plurisubharmonic in U for q = p, and hence for all q in some neighborhood V  U of p. Note that V
depends only on the choice of z (and θ ). Pick λ > 1/r2 and τ = λB/c. For any q ∈ V , we define Ψq by
Ψq(x) =
{
θ(
‖z(x)−z(q)‖2
r2
) exp(A‖z(x)− z(q)‖) exp(τu(x)) if x ∈ D ∩U,
exp(A+ τu(x)) if x ∈ D \U.
As soon as 0 < ε < B(λ − 1/r2), the map ln(Ψq) − ε‖z − z(q)‖2 is J -plurisubharmonic in D ∩ U , and thus Ψq is
J -plurisubharmonic in D ∩ U . But Ψq coincides with exp(A + τu) out of U , hence is globally J -plurisubharmonic
in D.
Let h : Δ → D be a J -holomorphic disc such that h(0) = q ∈ V and dh0(∂/∂x) = v/α, where v ∈ TqM and α > 0.
For ζ sufficiently small,
h(ζ ) = q + dh0(ζ )+O
(|ζ |2).
Set ζ = ζ1 + iζ2. The J -holomorphy equation dh0 ◦ Jst = J ◦ dh0 gives
dh0(ζ ) = ζ1 dh0(∂/∂x)+ ζ2J dh0(∂/∂x).
Let us consider the map
ϕ(ζ ) = Ψq(h(ζ ))2 ,|ζ |
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ϕ(ζ ) = ‖z ◦ h(ζ )− z(q)‖
2
r2|ζ |2 exp
(
A
∥∥z ◦ h(ζ )− z(q)∥∥) exp(τu(h(ζ )))
for small ζ , and∥∥dh0(ζ )∥∥ |ζ |(‖I + J‖ · ∥∥dh0(∂/∂x)∥∥),
we obtain that lim supζ→0 ϕ(ζ ) is finite. Moreover, with ζ2 = 0, this gives
lim sup
ζ→0
ϕ(ζ ) ‖dh0(∂/∂x)‖
2
r2
exp
(−λB∣∣u(q)∣∣/c).
The maximum principle applied to a subharmonic extension of ϕ to Δ implies that for all q ∈ D ∩ V and v ∈ TqM :
K(D,J )(q, v)
‖dzqv‖
r
exp
(−(A+ λB∣∣u(q)∣∣/c)/2).
With A → 1, B = k(θ), λ → 1/r2, one obtains
K(D,J )(q, v)
exp(−(1 + k|u(q)|/(cr2))/2)
r
‖dzqv‖,
which is minimal for r = √k|u(q)|/c. 
As a corollary, we get:
Proposition 16. Assume that the conditions of Lemma 15 hold. Then every J -holomorphic disc h : Δ → D such that
h(0) ∈ V verifies h(sΔ) ⊂ V , where
s = 1 − exp(−N dist(z ◦ h(0)), ∂B).
Proof. Set q = h(0) and s = 1 − exp(−N dist(z ◦ h(0)), ∂B). Assume by contradiction that there exists ζ ∈ Δ such
that w = h(sζ ) /∈ V . We define G = {x ∈ V | ‖z(x) − z(q)‖ < δ} where δ = dist(z(q), ∂B). By hypothesis, we have
for every path γ : [0;1] → M between q and h(sζ )
dK(M,J )
(
h(0), h(sζ )
)=
1∫
0
K(M,J )
(
γ (t), γ ′(t)
)
dt 
∫
γ−1(G)
N × ∥∥(z ◦ γ )′(t)∥∥dt = N dist(z(q), ∂B).
But one obtains easily, considering the pseudo-holomorphic disc g(ζ ) = ζ0 + v|v| (1 − |ζ0|)ζ , that
dK(M,J )
(
h(0), h(ζ )
)
 dK(Δ,Jst)(0, ζ )− ln
(
1 − |ζ |).
This gives a contradiction in view of the definition of s. 
Corollary 17. Define the neighborhood V and the constant s as before. Then for all q ∈ D ∩ V and v ∈ TqM , we
have
K(D∩U,J )(q, v)K(D,J )(q, v) sK(D∩U,J )(q, v).
4. J -holomorphic discs attached to a maximal totally real submanifold
We already know (see [6]) that if J is smooth, then any analytic disc attached to a totally real submanifold is also
smooth up to the boundary. Here, we are looking for a more precise result: if the almost complex structure is only of
class Cr , what regularity can we expect?
The first step is to get the 1 -Hölderian regularity up to the boundary.2
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Lemma 18. Let φ be a non-negative subharmonic function on the unit disc Δ, continuous up to the boundary, which
vanishes on the upper half-circle. Given α ∈ ]0; π2 [, let us denote by Wα the angular sector {reiθ | 0 < r  1, α <
θ < π − α}. Then
∀ζ ∈ Wα, φ(ζ )
(
1
(sinα)2
×
2π∫
π
φ
(
eiθ
)dθ
π
)
× (1 − |ζ |).
Proof. It is immediate if |ζ | = 1. Therefore, we assume that ζ = reit ∈ Wα for some r < 1. Since φ is subharmonic
on Δ and continuous on Δ¯, we get
∀ζ = reit ∈ Δ, φ(ζ ) 1
2π
2π∫
0
φ
(
eiθ
) 1 − r2
|eiθ − reit |2 dθ.
Given α ∈ ]0; π2 [, θ ∈ [π;2π] and t ∈ [α;π − α], we have α  θ − t  π − α, and so r2 − 2r cos(θ − t) + 1 
r2 − 2r cosα + 1 1 − (cosα)2. This gives the inequality. 
As in the standard case, the 12 -Hölderian regularity and the estimate of the associated norm come from an estimate
of the differential, depending on the square root of the distance to the boundary. We begin with establishing the
Lemma 19. Let D be a bounded domain in an almost complex manifold (M,J ), ρ ∈ C2(D¯,R) some strictly plurisub-
harmonic function and h : Δ → D a J -holomorphic disc, continuous up to the boundary. We assume that ρ ◦ h 0
on Δ and vanishes on the upper half-circle γ = {eiθ | 0 < θ < π}.
Pick a ∈ γ and let (z,U) be a local coordinate system such that h(a) ∈ U and ‖z∗J − Jst‖C1(B¯)  ε′. Then, there
exist a universal constant c′′ and a neighborhood V of a in Δ∩ h−1(U) such that
∀ζ ∈ V, ∥∥d(z ◦ h)ζ∥∥ c′′ 1Ima
√ ∫ 2π
0 ρ ◦ h(eiθ ) dθ
λ0(z(D ∩U), z∗J,ρ ◦ z−1) ×
1√
1 − |ζ | .
Proof. We use the notations of Lemma 18. Let δ > 0 be such that Ωδ = Δ ∩ (a + δΔ) is included in Wα for α =
Arcsin(Ima/2). Reducing δ if necessary, we may assume by continuity of h that h(Ωδ) ⊂ U . Thus, Lemma 18 gives
∀ζ ∈ Ωδ, ρ ◦ h(ζ ) κ
(
1 − |ζ |) where κ =
(
4
(Ima)2
×
2π∫
0
ρ ◦ h(eiθ )dθ
)
.
Pick ζ0 ∈ Ωδ/2 and set l = 1 − |ζ0|: then ζ0 + lΔ ⊂ Ωδ . For Dl = {q ∈ D | ρ(q) < 2κl}, we obtain ρ ◦ h(ζ0 +
lΔ) ⊂ Dl .The function ul : w → ρ ◦ z−1(w) − 2κl is negative and strictly z∗J -plurisubharmonic in z(Dl ∩ U) ⊃
z ◦ h(ζ0 + lΔ). Let us define
gl : Δ  ζ → z ◦ h(ζ0 + lζ ) ∈ z(Dl ∩U).
Since the disc gl is z∗J -holomorphic, we get, by the decreasing property of the Kobayashi metric:
|τ |K(z(Dl∩U),z∗J )
(
z ◦ h(ζ0), l × d(z ◦ h)ζ0(τ )
)
.
By Proposition 12 applied to z(Dl ∩U), z∗J and ul , we obtain that for all p ∈ z(Dl ∩U) and v ∈ R2n,
K(z(Dl∩U),z∗J )(p, v) c′e−2
√
λ0
(
z(Dl ∩U), z∗J,ul
)× ‖v‖√|ul(p)| .
With p = z ◦ h(ζ0) and v = l × d(z ◦ h)ζ0(τ ), this gives
|τ | c′e−2
√
λ0
(
z(Dl ∩U), z∗J,ul
)× ‖l × d(z ◦ h)ζ0(τ )‖√ .|ρ ◦ h(ζ0)− 2κl|
L. Blanc-Centi / J. Math. Anal. Appl. 341 (2008) 170–187 181Hence
∥∥d(z ◦ h)ζ0∥∥
√
2κl
c′e−2
√
λ0(z(Dl ∩U), z∗J,ul)× l
and one can choose c′′ = 2e2
√
2
c′ . 
One obviously obtains a similar result by replacing Δ by the upper half-disc Δ+ = {ζ ∈ Δ | Im ζ > 0} and the
upper half-circle by ]−1;1[. Then, the estimate of the differential and Hardy–Littlewood give the local 12 -Hölderian
continuity of z ◦ h on Δ+ ∪ ]−1;1[:
Corollary 20. Let D be a bounded domain in an almost complex manifold (M,J ), ρ ∈ C2(D¯,R) some strictly
plurisubharmonic function and h : Δ+ → D a J -holomorphic map. We assume that h extends on Δ+ ∪ ]−1;1[
to a continuous map such that
ρ ◦ h 0 on Δ+ and ρ ◦ h|]−1;1[ ≡ 0.
Pick a ∈ ]−1;1[ and let (z,U) be a local coordinate system in a neighborhood of h(a) such that ‖z∗J −Jst‖C1(B¯)  ε′.
Then, there exists a universal constant c and a neighborhood W of a in Δ∩ h−1(U) such that for all ζ, ζ ′ ∈ W ,
∥∥z ◦ h(ζ )− z ◦ h(ζ ′)∥∥ c 1
1 − |a|
√ ∫ 2π
0 ρ ◦ h(eiθ ) dθ
λ0(z(D ∩U), z∗J,ρ ◦ z−1) × |ζ − ζ
′|1/2.
We want to apply this result to the case of a pseudo-holomorphic disc attached to a maximal totally real submani-
fold. Let us recall that any maximal totally real submanifold in an almost complex manifold (M2n, J ) can be described
as the zero set of some non-negative function ρ as regular as E, strictly J -plurisubharmonic. Indeed, if E is defined
on U by r1 = · · · = rn = 0 such that dr1 ∧ · · · ∧ drn does not vanish, ρ =∑ni=1 r2i is strictly J -plurisubharmonic
on U . For (Uα,φα) being a partition of unity, denote by ρα the function constructed as previously on the open set Uα ,
and set ρ =∑α ραφα . Then ∇ρ|E ≡ 0 and
D|E =
(
∂2ρ
∂xk∂xl
∣∣∣∣
E
)
k,l
= 2
∑
α
φα
(
∂2ρα
∂xk∂xl
∣∣∣∣
E
)
k,l
is positive semi-definite. Moreover, tXDX = 2∑ni=1 ‖t∇rα,i ·X‖2 = 0 on E if and only if for all α, i, drα,i(X) = 0:
that is, X ∈ T E. This shows therefore that for any p ∈ E,
LJpρ(X) = tXD(p)X + t
(
J (p)X
)
D(p)
(
J (p)X
)
 0
and
LJpρ(X) = 0 ⇐⇒ (X ∈ T E and JX ∈ T E) ⇐⇒ X = 0
since E is totally real. The Levi form of ρ is thus positive definite on E, hence in a neighborhood of E.
Moreover, we get that, if πyi denotes the canonical projection from R2n on the yi -axis, the function ρ =∑n
i=1(πyi ◦ z)2 extends in a non-negative and strictly J -plurisubharmonic function, such that E = {ρ = 0}. Thus,
we have
∀ζ ∈ Δ+, ∣∣ρ ◦ h(ζ )∣∣ ∥∥z ◦ h(ζ )∥∥2  ‖z ◦ h‖2∞.
Hence, Corollary 20 gives a neighborhood W of a such that for all ζ, ζ ′ ∈ W ,
∥∥z ◦ h(ζ )− z ◦ h(ζ ′)∥∥ c
1 − |a| ×
√ ∫ π
0 ρ ◦ h(eiθ ) dθ
λ0(z(U ∩ V ), z∗J,ρ ◦ z−1) × |ζ − ζ
′|1/2.
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Definition 21. The minimal J -curvature of E is
λJE = min
i
λ0
(
B
2n, zi∗J,u
)
,
where u(x1, . . . , xn, y1, . . . , yn) = y21 + · · ·+ y2n and λ0(B2n, zi∗J,u) is the smallest eigenvalue of the Levi form of u.
Here, (zi,Ui) is assumed to be a fixed tamed atlas.
We have proved:
Proposition 22. Let (M,J ) be an almost complex manifold, E a maximal totally real submanifold, p ∈ E and (z,U)
a local coordinate system supposed to be (ε′,E)-tamed in a neighborhood of p. Assume that h is continuous from
Δ+ ∪ ]−1;1[ to M , J -holomorphic in Δ+, and verifies h(]−1;1[) ⊂ E.
Then for all a ∈ ]−1;1[ ∩ h−1(U), there exists a neighborhood W  a in U such that h is Hölderian 12 -continuous
on W , and
∀ζ, ζ ′ ∈ W, ∥∥z ◦ h(ζ )− z ◦ h(ζ ′)∥∥ c˜
1 − |a| ×
‖z ◦ h‖∞√
λJE
× |ζ − ζ ′|1/2,
where c˜ is a universal constant, and λJE is the minimal J -curvature of E.
4.2. Proof of Theorem 1
This estimate of 12 -Hölderian norm automatically leads to an estimate of Hölderian norms of upper degree. We will
use the following proposition:
Proposition 23. (See [12].) Pick α ∈ ]0;1[, and let Ω be a domain in Δ and K some relatively compact subset in Ω .
There exist δα > 0 and Λ(α,K) > 0 such that for every q : Bn → EndR(Cn) of class Cα verifying ‖q‖α  δα , every
differentiable function h : Ω → Bn verifying ∂¯h+ q ◦ h× ∂h = 0 is of class C1+α in K and
‖h|K‖1+α Λ(α,K)× ‖h|K‖1/2.
Proof. The proof is exactly the same as in [12], provided we fix the compact subsets K ′ and K ′′ such that K K ′′ 
K ′ D, and the smooth functions ρ1, ρ2, ρ3 from Δ to [0;1] such that
Supp(ρ1) ⊂ intΩ, Supp(ρ2) ⊂ K ′, Supp(ρ3) ⊂ K ′′
and
ρ1|K ′ ≡ 1, ρ2|K ′′ ≡ 1, ρ3|K ≡ 1.
Set M(K,D,α) = max(‖ρ1‖C1+α ,‖ρ2‖C1+α ,‖ρ3‖C1+α ). Then, the constants Λ and δ given in [12] depend only on
|||T |||L3(D), |||P |||L3(D)→C1/3(D), |||T |||Cα/3 and M(K,D,α), where T and P are the operators defined by
Pg(z) = 1
2πi
∫ ∫
D
g(ζ )
ζ − z dζ ∧ dζ¯ and T g(z) = p.v.
(
∈
∫
D
g(ζ )
(ζ − z)2 dζ ∧ dζ¯
)
.
Using geometric bootstrap’s method, we will get simultaneously the regularity and the estimates. The idea (see [7])
is to symmetrize discs along the piece of their boundary which is attached to E. We then obtain a new disc, pseudo-
holomorphic on all the domain. Since the pseudo-holomorphy condition can be expressed as an elliptic equation, this
gives the result by induction.
We assume that the hypotheses of Theorem 1 are satisfied. Let us define D+ = h−1(U), D− = h−1(U),
δ = D+ ∩D− and
g(ζ ) = z ◦ h(ζ ) if ζ ∈ D
+,
z ◦ h(ζ¯ ) if ζ ∈ D−,
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equation
∂¯g +A(·)∂g = 0,
where A(ζ ) = Q(g(ζ )) if ζ ∈ D+ ∪ δ, and A(ζ ) = Q(g(ζ¯ )) if ζ ∈ D−, and Q is given by Lemma 6. Thus, setting
min(r, r ′) = k + α with k ∈ N∗ and 0 < α < 1, Q is of class Ck−1+α .
Let K be a compact subset in (D+ ∪δ). If k = 1, A is of class Cα/2 since g is Hölder continuous with exponent 1/2.
By Proposition 23, we thus get that g is in fact of class C1+α/2. But this implies that A is of class Cα : hence by the
same argument g is of class C1+α in K and
‖z ◦ h‖C1+α(K) = ‖g‖C1+α(K) Λ(α,K)‖g‖C1/2(K) = Λ(α,K)‖z ◦ h‖C1/2(K). (9)
Now we assume k  2. Then A is of class C1/2 and thus g is in fact of class C1+1/2. Hence A is C1 regular and g
is of class C2−0 in K . The a priori estimates of Proposition 23 (see also [14]) apply to g, for all 0 < β < 1,
‖z ◦ h‖C1+β(K) = ‖g‖C1+β(K) Λ(β,K)‖g‖C1/2(K) = Λ(β,K)‖z ◦ h‖C1/2(K).
According to Lemma 7, the previous argument applies to H 1 = (h, dh). If k − 1 2, then H 1 is of class C1+β in K
for all 0 < β < 1. In particular, ‖zc ◦H 1‖C1+1/2(K) Λ(1/2,K)‖zc ◦H 1‖C1/2(K), that is,
‖z ◦ h‖C2+1/2(K) Λ(1/2,K)‖g‖C1+1/2(K) Λ(1/2,K)2‖z ◦ h‖C1/2(K).
We obtain by iteration that Hk−2 = (g, dg, . . . , dk−2g) is of class C2−0 in K . Hence z ◦ h is of class Ck−1+1/2 in K ,
and
‖z ◦ h‖Ck−1+1/2(K) C(k,K)‖z ◦ h‖C1/2(K).
Following the previous argument (case k = 1), we get that Hk−1 is of class C1+α . Consequently, z ◦h is of class Ck+α
and in view of (9),
‖z ◦ h‖Ck+α(K)  C(K,k)Λ(α,K)‖z ◦ h‖C1/2(K).
Moreover,
‖z ◦ h‖C1/2(K)  ‖z ◦ h‖∞
(
1 + c(K)√
λJE
)
by means of Proposition 22. This exactly means that h is of class Cmin(r,r ′) and that
‖h‖Cmin(r,r′)(K)  c(r, r ′,K)‖h‖∞
(
1 + c(K)√
λJE
)
.
Hence we have proved the second part of Theorem 1. The construction of an atlas (ε′,E)-tamed also shows that the
choice of another atlas does not modify the estimate.
4.3. Regularity on the edge of the wedge
As in [6], the regularity and the estimates given by Theorem 1 for pseudo-holomorphic discs provide the regu-
larity and similar estimates for pseudo-holomorphic maps up to the edge of a wedge (Fig. 2). We begin with some
preliminary remarks.
Let Ω ⊂ M2n be a domain. Suppose that N ⊂ Ω is defined by r1 = · · · = rn = 0, where dr1 ∧ · · · ∧ drn does not
vanish on Ω . Let us denote by W(Ω,N) = {z ∈ Ω | ∀1 j  n, rj (z) < 0} the wedge of edge N .
The restricted wedge Wδ(Ω,N) = {z ∈ Ω | ∀1  j  n, rj (z) − δ∑k =j rk(z) < 0} is included in W(Ω,N) for
all 0 < δ < 1
n−1 . Note that Wδ(Ω,N) and W(Ω,N) are non-empty open subsets in Ω , and that N is included in their
boundary.
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Let us prove Corollary 2. Assume that the conditions of the corollary hold. In view of Lemma 5.2 in [6], there
exists a parametrized family (ht )t∈R2n of J -holomorphic half-discs, smoothly depending on t , such that Wδ(Ω,N) ⊂⋃
t ht (Δ
+) and
∀t, ht
(]−1;1[)⊂ N and ht(Δ+)⊂ W(Ω,N).
Theorem 1 shows that the functions F ◦ht are locally of class Cr ′ in Δ+ ∪ ]−1;1[. It also gives that for every compact
set K ⊂ Δ+ ∪ ]−1;1[:
‖F ◦ ht‖Cr′ (K)  c(r ′,K)‖F ◦ ht‖∞
(
1 + c(K)√
λJ
′
N ′
)
.
Hence, the Cr ′ -Hölderian norms of the functions F ◦ ht are uniformly bounded. Since the curves ht (]−1;1[) form
a family of transversal Cr -foliations of N , one gets by the separated regularity principle [13] that F is of class Cs .
Moreover, the uniform upper bound for the Cs -Hölderian norms of the F ◦ ht also bounds the Cs -Hölderian norm of
F up to a multiplicative universal constant [5]. This concludes the proof.
Appendix A. Small perturbations of the standard structure
A.1. Vector fields and J -holomorphic forms
Let J = (A B
C D
)
be a small perturbation of the standard structure as in Section 2.3. For all 1 j  n, we set
∂J
∂zj
= 1
2
(I2n − iJ ) ∂
∂xj
and
∂J
∂z¯j
= 1
2
(I2n + iJ ) ∂
∂xj
.
Then ( ∂J
∂z1
, . . . , ∂
J
∂zn
, ∂
J
∂z¯1
, . . . , ∂
J
∂z¯n
) is a C-basis of TM ⊗ C, and consequently its dual basis (dJ z1, . . . , dJ zn, dJ z¯1,
. . . , dJ z¯n) is given in local coordinates by the matrix(
In In
it ((In + iA)C−1) −it ((In − iA)C−1)
)
.
Hence dJ z = dx + P dy = dz+H dy and dJ z¯ = dx + P¯ dy = dz¯+ H¯ dy, where
P = it((In + iA)C−1)= iIn +H
with “small” H = R + iS. Thus C = (S + In)−1 and A = −R(S + In)−1, which defines J uniquely by Section 2.3:
Proposition 24. For every family of differential forms ω = dz + H dy, where H is near 0n, there is a unique al-
most complex structure J near Jst such that ω is a basis of (1,0)-forms with respect to J . Conversely, every small
perturbation of the standard structure admits such a basis of (1,0)-forms.
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holomorphic if and only if ∂h
∂u
+ i ∂h
∂v
is a (0,1)-vector field, where i is the standard complex structure on TM ⊗ C.
Assume that we are in the previous situation:
h is J -holomorphic ⇐⇒ (In tP )
(
∂h
∂u
+ i ∂h
∂v
)
= 0.
By setting
∂h
∂ζ
= 1
2
(
∂h
∂u
− Jst ∂h
∂v
)
and
∂h
∂ζ¯
= 1
2
(
∂h
∂u
+ Jst ∂h
∂v
)
,
and separating real and imaginary parts, this gives that
∀ζ ∈ Δ,
(
I −C−1 −AC−1
−AC−1 −I +C−1
)
|h(ζ )
∂h
∂ζ
+
(
I +C−1 −AC−1
AC−1 I +C−1
)
|h(ζ )
∂h
∂ζ¯
= 0. (A.1)
A.2. Proof of Lemma 6
Let (z′,U ′) be some chart in a neighborhood of p such that z′(p) = 0, (z′∗J )0 = Jst. We also assume that z′(U ∩
E) = Rn ∩B2n when p ∈ E. For any t > 0, we denote by dt : q → q/t the dilation defined on R2n, and by zt the map
zt = dt ◦ z′. For t sufficiently small, z = zt and U = z−1t (B) verify ‖z∗J −Jst‖C1  ε. Thus we suppose that M = B2n,
E = Rn ∩B2n and in view of (4)
J =
(
A −(In +A2)C−1
C −CAC−1
)
where ‖A‖C1  ε′′ and ‖C − In‖C1  ε′′.
Set
φ(x, y) =
(
In −A(x,y)C(x, y)−1
0 C(x, y)−1
)(
x
y
)
=
(
x∗ = x −AC−1y
y∗ = C−1y
)
.
Since
dφ(x,y) ↔
⎛
⎝ In −
∑n
k=1
( ∂(AC−1)i,k
∂xj
)
(i,j)
yk −∑nk=1( ∂(AC−1)i,k∂yj )(i,j)yk −AC−1∑n
k=1
( ∂(C−1)i,k
∂xj
)
(i,j)
yk
∑n
k=1
( ∂(C−1)i,k
∂yj
)
(i,j)
yk +C−1
⎞
⎠
is near I2n, there is a neighborhood U˜ of p such that φ induces a local diffeomorphism of class Cr from U˜ to φ(U˜).
We set z˜ = φ ◦ z: it remains to verify that the three conditions of the lemma hold. Condition 1 is immediate.
Moreover,
dφ(x,y) ↔
(
In −A(x,y)C−1(x, y)
0 C−1(x, y)
)
+H(x,y),
where
H(x,y) =
⎛
⎝−
∑n
k=1
( ∂(AC−1)i,k
∂xj
)
(i,j)
yk −∑nk=1( ∂(AC−1)i,k∂yj )(i,j)yk∑n
k=1
( ∂(C−1)i,k
∂xj
)
(i,j)
yk
∑n
k=1
( ∂(C−1)i,k
∂yj
)
(i,j)
yk
⎞
⎠ .
Thus
dφ−1φ(x,y) = (dφ(x,y))−1 ↔
(
I2n +
(
In A
0 C
)
×H
)−1
×
(
In A
0 C
)
and
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↔
(
In −AC−1
0 C−1
)(
A −(In +A2)C−1
C −CAC−1
)(
In A
0 C
)
+ H˜
= Jst + H˜ ,
where ‖H(x∗, y∗)‖ cε′′‖y∗‖ for some constant c. This is Condition 2.
Finally, we obtain by (A.1) that the z˜∗J -holomorphy equation satisfied by discs g = z˜ ◦ h is under the form
∂g
∂ζ¯
+Q ◦ g(ζ )× ∂g
∂ζ
= 0,
where Q(x∗, y∗) = (I2n + O(‖y∗‖))−1 × O(‖y∗‖)  c‖y∗‖ for some constant c. Note that Q has the regularity
of z˜∗J .
A.3. Proof of Lemma 7
Denote by (x1, . . . , xn, y1, . . . , yn) the coordinates on M given by z, and by (x1, . . . , xn,X1, . . . ,Xn, y1, . . . , yn,
Y1, . . . , Yn) the coordinates on Mc given by zc (where Xi , Yi are fiber’s coordinates). If J =
(
A B
C D
)
, we set
α =
n∑
k=1
(
Xk
∂A
∂xk
+ Yk ∂A
∂yk
)
, β =
n∑
k=1
(
Xk
∂B
∂xk
+ Yk ∂B
∂yk
)
,
γ =
n∑
k=1
(
Xk
∂C
∂xk
+ Yk ∂C
∂yk
)
, δ =
n∑
k=1
(
Xk
∂D
∂xk
+ Yk ∂D
∂yk
)
.
Then
J c =
⎛
⎜⎜⎝
A 0 B 0
α A β B
C 0 D 0
γ C δ D
⎞
⎟⎟⎠
defines an almost complex structure on Mc for which Ec = T E is totally real [7]. The change of variables given by
Lemma 6 is
φ(x, y) =
(
In −AC−1
0 C−1
)(
x
y
)
and the one for Mc is
φc(x,X,y,Y ) =
⎛
⎜⎜⎜⎝
I2n −
(
A 0
α A
)(
C 0
γ C
)−1
0
(
C 0
γ C
)−1
⎞
⎟⎟⎟⎠
⎛
⎜⎜⎝
x
X
y
Y
⎞
⎟⎟⎠ .
Consequently, if we set i : M ↪→ Mc and π : McM , we immediately get π ◦ φc ◦ i = φ.
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